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ABSTRACT 

We present a neutrino model realized by linear seesaw mechanism incorporating A4flavour 

symmetry. The light neutrino mass matrix is obtained from the model which is compared with that 

obtained experimentally. This gives us a set of six real equations which is later solved to obtain free 

parameters of neutrino mixing, i.e., lightest neutrino mass, Dirac CP violating phase δ and two 

Majorana phases, α and β. A full parameter scan of the recent 3σ global fit values of neutrino 

oscillation parameters is done to find the desired unknown parameters. Using this data of neutrino 

oscillation parameters we find the branching ratio of the cLFV decay μ→e+γ for our LSS model, 

which is found to lie within present limits of the same. Since linear seesaw model is a low scale 

model, this is testable in experiments, as well as prediction of cLFV decay obtained in this model can 

be tested when future measurements are done.  

INTRODUCTION 

Matter around us is made up of fundamental 

particles like proton, neutrons, electrons 

(charged lepton) etc, and protons and neutrons 

are made up of more fundamental particles 

called quarks. The Standard Model (SM) of 

particles has been a very successful theory in 

explaining many experimentally observed 

features, but cannot explain some of them, like 

- mass of neutrinos, dark matter (DM) etc. 

Neutrinos are very light, electrically neutral 

particles, whose mass has been established 
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experimentally to be very very low. Mass of 

electron is ~ 0.5 MeV, while that of neutrino is 

< 0.1 eV. One eV is the energy equivalent of 

work done in moving an electron through a 

potential difference of 1 Volt. Neutrinos are 

very very weakly interacting particles, and 

millions of them are passing through us all the 

time, which come to earth from Sun, other 

astrophysical, cosmological and extra galactic 

sources. Existence of neutrinos was established 

in nuclear beta decay experiments. On the 

other hand, dark matter is that matter which 

can be seen with the help of light, but that 

interacts with the usual visible matter through 

gravity. SM is a gauge theory, that can explain 

strong, electromagnetic and weak interactions 

(but not gravity) among fundamental particles. 

Quarks and leptons form SU(2) flavour 

doublet, while quarks form triplet of colour 

quantum number. 

While mass of all other matter particles, like 

charged leptons and quarks can be explained 

with the help of Higgs mechanism, it cannot 

explain the tiny mass of neutrinos, as left 

haded neutrinos do not exist in the SM due to 

parity violation in weak interactions. And 

hence seesaw mechanism come to our rescue, 

that can explain tiny mass of neutrinos if a 

right handed neutrino is added to the theory. 

Also, canonical type-I and type-II seesaw 

mechanisms have a very high seesaw scale 

than cannot be tested in manmade laboratory 

experiements, and hence low scale seesaw 

models, like the Linear seesaw (LSS) models 

become phenomenologically more interesting 

theories to explain the tiny mass of neutrinos. 

Also, discrete flavour symmetries are used to 

explain the observed flavour structure of 

fundamental particles, which should be broken 

by the vacuum expectation value (VEV) of the 

fields called flavons, as flavour symmetry is 

not observed at low energies ~ 100 GeV. 

It has been observed experimentally that as 

neutrinos travel, they change flavour (type), 

and this is called flavour conversion or 

neutrino oscillation. This can be explained 

through neutrino mixing, if neutrinos have 

non-zero mass. Mixing occurs in the case of 

quarks too. This is a quantum mechanical 

phenomenon. If neutrinos are Majorana (self-

conjugate) particles, then generation of 

neutrino mass term violates lepton number by 

2 units. However, charged lepton flavour 

violation is a very rare process, which should 

not occur ideally.  One of the key highlight in 

the construction of neutrino mass model is the 

study of cLFV decay processes such that the 

model is testable in ongoing and future 

colliders in order to find signature of lepton 

number violating particles and lepton flavour 

violating processes. 

In this work, we propose a linear seesaw 
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model [1], [2] , with A4 flavour symmetry and 

some other symmetries (necessary to avoid 

unwanted terms in the Lagrangian) to find the 

Branching ratio of μ→e+γ for different VEV 

alignments of the triplet scalar flavon field 

involved in the model. To find the neutrino 

oscillation parameters we compare the light 

neutrino mass matrix obtained in our theory  

with the usual UPMNS matrix 

(phenomenological) and obtain a set of six real 

equations. This set of equations are then solved 

to find the free parameters of neutrino mixing 

that are the lightest neutrino mass, Dirac CP 

phase δ  and  two Majorana masses  α and β. 

This is done for different VEV alignments of 

triplet scalar flavon for both NH (Normal 

Hierarchy, when mass of third family is 

largest) and IH (Inverted Hierarchy, when 

mass of third family is smallest), out of which 

we select only the those vacuum alignments, 

that give values of light neutrino oscillation 

parameters within their latest 3σ global best fit 

values. This data is next used as input to find 

the branching ratio of the  μ→e+γ decay for 

different allowed VEV alignments and analyze 

if the decay process can be predicted in the 

limit given by ongoing MEG collaboration [3] 

(bounds) or  in the expected limit of upgraded 

MEG II  experiment [4] (sensitivity). 

2. Linear Seesaw under with A4 x Z5 x Z5 ' 

symmetry 

There are several variants of seesaw 

mechanism which can be used to find the light 

neutrino masses and study their various 

implications such as cLFV decay, lepton 

number violating processes and leptogenesis. 

However, the low-scale seesaw mechanisms 

like the linear seesaw mechanism are more 

desirable as it is testable in the ongoing and 

future neutrino experiments. The neutrino 

mass matrix for linear seesaw mechanism [1] 

is given by : 

 

𝑀ఔ = ቌ

0 𝑀஽ 𝑀௅

𝑀஽
் 0 𝑀

𝑀௅
் 𝑀் 0

ቍ-------------(1) 

The light neutrino mass matrix after block diagonalisation as formulated by Deppischet. al. [2] is 

given by : 

𝑚ఔ = 𝑀஽
்𝑀ିଵ𝑀௅ + 𝑡𝑟𝑎𝑛𝑠𝑝𝑜𝑠𝑒-------------(2) 

 

The heavy right handed neutrinos have masses 𝑀ோ = 𝑀. The light neutrino masses  can be realised in 

the presence of low-scale heavy Majorana neutrino as follows: 
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ቀ
௠ഌ

଴.ଵ௘௏
ቁ = ቀ

ெವ
೅

ଵ଴ீ௘௏
ቁ ቀ

ெ

ଵ்௘௏
ቁ
ିଵ

ቀ
ெಽ

ଵ଴௘௏
ቁ-------------(3) 

 

In the limit ML→0, massless neutrino masses 

can be obtained. Hence this parameter is the 

monopoly for the explicit lepton number 

violation. For our linear seesaw model we have 

incorporated A4 flavor symmetry, and extend 

the SM with two singlet neutrinos - the right-

handed neutrino NR and the sterile neutrino SR. 

Apart A4flavour symmetry, we also use two 

additional Z5  symmetries to construct our 

model. The particle content of our model is 

given by 

Table 1 : Transformation of the fields under A 4 × Z 5 × Z 5' symmetry for neutrino mass model realizing linear seesaw 
mechanism 

 L           H eRμRτR N            S ε      Φ T       Φ s        η         ξ          τ            ρ 

A 4 3            1 1          1''         1' 3             3 1       3          3         1          1 '        1''          1 

Z 5 ω            1 ω          ωω ω 2         ω 3 ω       1         ω 2      ω 2        ω 2       ω 2         1 

Z 5' ω            1 ω           ωω ω            ω 2 1       1          ω        ωωωω2 

The relevant Lagrangian of the neutrino sector is given by  

𝐿ఔ ⊃ 𝑌஽
௅ு
~
ேఌ಩

௸
+ 𝑌ெ𝑁𝑆𝜌 + 𝑌௅

௅ு
~
ௌ

௸
൫𝛷ௌ

ற + 𝜂ற + 𝜉ற + 𝜏ற൯-------------(4) 

The flavour symmetry is broken spontaneously 

after the various scalars acquire non-zero VEV 

alignments as <H>= υh ,<ε> = υ ε , <ρ> = υ ρ , 

<η> = υ η , <ξ> = υ ξ, <τ> = υ τ , <ΦS> = υ s (Φ a, 

Φ b , Φ c ), without the loss of generality. All 

the couplings should be less than one (for the 

theory to be perturbative). From the 

Lagrangian it can be shown that 

 

𝑀஽ =
௒ವజ೓జഄ

಩

௸
൭
1 0 0
0 0 1
0 1 0

൱-------------(5) 

 

𝑀௅ =
௒ಽజ೓

௸

⎝

⎛

2𝜐௦
ற𝛷௔ + 𝜐ఎ

ற −𝜐௦
ற𝛷௖ + 𝜐ఛ

ற −𝜐௦
ற𝛷௕ + 𝜐క

ற

−𝜐௦
ற𝛷௖ + 𝜐ఛ

ற 2𝜐௦
ற𝛷௕ + 𝜐క

ற −𝜐௦
ற𝛷௔ + 𝜐ఎ

ற

−𝜐௦
ற𝛷௕ + 𝜐క

ற −𝜐௦
ற𝛷௔ + 𝜐ఎ

ற 2𝜐௦
ற𝛷௖ + 𝜐ఛ

ற
⎠

⎞-------------(6) 

 

and𝑀 = 𝑌ெ𝜐ఘ ൭
1 0 0
0 0 1
0 1 0

൱                                  -------------(7) 
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⇒ 𝑚ఔ = 𝐹

⎝

⎛

2𝜐௦
ற𝛷௔ + 𝜐ఎ

ற −𝜐௦
ற𝛷௖ + 𝜐ఛ

ற −𝜐௦
ற𝛷௕ + 𝜐క

ற

−𝜐௦
ற𝛷௖ + 𝜐ఛ

ற 2𝜐௦
ற𝛷௕ + 𝜐క

ற −𝜐௦
ற𝛷௔ + 𝜐ఎ

ற

−𝜐௦
ற𝛷௕ + 𝜐క

ற −𝜐௦
ற𝛷௔ + 𝜐ఎ

ற 2𝜐௦
ற𝛷௖ + 𝜐ఛ

ற
⎠

⎞-------------(8) 

where, 𝐹 =
ଶ௒ಽ௒ವజ೓

మజഄ
಩

௸మ௒ಾజഐ
is a dimensionless constant. The (9x9) neutrino mass matrix can be block 

diagonalized by matrix K [5] which is expressed as  

𝐾்𝑀ఔ𝐾 = (𝑀ఔ)ௗ௜௔௚-------------(9) 

⇒ 𝐾 = 𝑊.𝑈′ = ቌ
ቀ1 −

ଵ

ଶ
𝐵∗𝐵்ቁ 𝐵∗

−𝐵் ቀ1 −
ଵ

ଶ
𝐵்𝐵∗ቁ

ቍ ቀ
𝑈 0
0 𝑉

ቁ-------------(10) 

where U and V are unitary matrices that diagonalize the light and heavy neutrino masses. The matrix 

B* is a small perturbation which can be derived as 

𝐵∗ = (𝑀஽𝑚
்ିଵ𝜇𝑀ିଵ,𝑀஽𝑀

்ିଵ) ≈ 𝑂(10ିଵଵ, 10ିଶ)-------------(11) 

The matrix U is the usual PMNS matrix and matrix V can be numerically computed as [6] 

𝑉 =
ଵ

√ଶ
ቌ
𝐼 +

ఓெషభ

ସ
𝐼 −

ఓெషభ

ସ

−𝐼 +
ఓெషభ

ସ
𝐼 +

ఓெషభ

ସ

ቍ-------------(12) 

To compute the matrix MD, we take the help of Casas-Ibarra parametrisation which for linear seesaw 

[6] is given as: 

𝑀஽ = 𝑈𝑚௡
ଵ ଶ⁄ 𝑅𝑚௡

ଵ ଶ⁄ 𝑈்𝑀௅
்ିଵ𝑀்-------------(13) 

wheremn=diag(m1,m2,m3), m1,2,3 being the light neutrino masses. The matrix R satisfies the condition 

R+RT=1  [7] which can be written in the general form  

𝑅 = ൭
1 2⁄ 𝑎 𝑏
−𝑎 1 2⁄ 𝑐
−𝑏 −𝑐 1 2⁄

൱-------------(14) 

The parameter a,b,c are of the order such that MD is the order of 0.1 eV.  

3. cLFV (charged lepton flavour violation) 

decay of  μ→e+γ 

The existence of cLFV decay is one of the most 

popular predictions of neutrino mass models. 

The most commonly studied LFV process is  

lα→lβ+γ . The study of this process over the 

years have contributed to experimental 

developments with increased sensitivities and 

bounds as well, as these processes are expected 

to possess the highest rates. The μ→e+γ decay 

observables have the best experimental limit of 

BR(μ → e + γ) < 4.2 × 10 −13   [3]given by 
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MEG(Mu to E Gamma) collaboration. The 

upgrade to MEG II is expected to improve the 

bound upto< 5 × 10 −14 [4]. In  this section, we 

compute the bounds of the cLFV contributed by 

linear seesaw model using the parameter values 

obtained in the previous section. The most 

general form of the branching ratio of lα→lβ+γ 

is given by [6], [8],[9] 

𝐵𝑅൫𝑙ఈ → 𝑙ఉ𝛾൯ ≈
ఈೈ
య ௦௜௡మఏೈ௠೗ഀ

ఱ

ଶହ଺ మெೈ
ర ௰೗ഀ

ฬ∑ 𝐾ఈ௜
∗ଽ

௜ୀଵ 𝐾ఉ௜𝐺 ൬
௠೔
మ

ெೈ
మ ൰ฬ

ଶ

,          -------------(15) 

where, 𝐺(𝑥) = −
ଶ௫యାହ௫మି௫

ସ(ଵି௫)య
−

ଷ௫మ

ଶ(ଵି௫)ర
𝑙𝑛𝑥               -------------(16) 

Here x= (m2
i /M

2
W), αW = g2 /4π, where g is the 

weak coupling, θW being the electroweak 

mixing angle, MW is the W± boson mass, mi as 

the mass of both active and sterile neutrinos , 

mlα as the mass of the decaying charged lepton 

lα and Γlα as the total decay width of the 

decaying charged lepton lα . 

RESULT AND CONCLUSION 

We have computed the BR of (μ → e + γ)  

process for six allowed case of vacuum 

alignment applied on triplet scalar flavon field 

whose values are shown in the Table below: 

 

Table 2: The upper and lower limits of branching ratio BR(μ → e + γ) as computed in our analysis for different allowed VEVs 
of triplet flavon, in linear seesaw model 

Sl. No. VEV Hierarchy Range of BR (μ→e+γ) 

1. (0,1,1) / (0,-1,-1) NH (7.28147 × 10 −16 , 2.99351 × 10 −15 ) 

2. (-1,1,1)/ (1,-1,-1) NH (2.69891 × 10 −16 , 8.5382 × 10 −16 ) 

3. (0,1,-1)/ (0,-1,1) IH (1.16469 × 10 −14 , 1.67044 × 10 −14 ) 

It is seen that the BR(μ→e+γ) for the allowed 

case in IH satisfies the current experimental 

bound of MEG i.e., < 4.2 × 10 −13 whereas the 

values of the BR(μ→e+γ) for the two NH 

cases satisfies the future expected sensitivity of 

MEG II experiment, i.e., < 5 × 10 −14. Also, it 

is interesting to observe from our results above 

that we can pinpoint the mass hierarchy for 

different allowed VEV alignments. We have 

done this computation for a tolerance of ≤ 10-5 

which gives us a very precise result. This 

model would be testable in the next-generation 

experiments giving important implications on 

cLFV processes, mass hierarchy, Octant 

degeneracy and baryon asymmetry of the 

universe (BAU, through Leptogenesis). 

5. Appendix : A4 product rule 

The quark and lepton masses, mixing and CP 

violation can be described using a discrete 

non-abelian group of even permutations of 

four objects called A4flavour symmetry,  the 

same symmetry group can also be represented 
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by a tetrahedron. It consist of four irreducible 

representations - three one dimensional 

(singlets, 1) and one three dimensional  

(triplet, 3) respectively [10]. The product rule 

of A4 symmetry can be represented as : 

1 × 1 = 1, 1˝ × 1˝ = 1΄,
1΄ × 1΄ = 1˝, 3 × 3 = 1 + 1΄ + 1˝ + 3௦ + 3௔.
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