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ABSTRACT

A SIR model with treatment class and bacteria class for Typhoid was formulated. Existence

and uniqueness of the solution of the model is verified. The basic reproduction number is

calculated. The local stability of disease free equilibrium and endemic equilibrium were verified.

Numerical analysis was carried out for the data of Odisha. The graphs were plotted to visualize the

stability behaviour of the state variables for different values of parameters.
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INTRODUCTION

Typhoid fever is a very common
disease in India which is at its peak in
monsoon season. It is caused by the ingestion
of contaminated food and water containing
Bacteria  Salmonella  typhi. The main
symptoms of Typhoid are high fever, head
ache, weakness and diarrhea.

Usually, the symptoms develop after

one or two weeks of exposure, it becomes

severe in the second week. The duration of the
illness is from 4 to 6 weeks. In India,
vaccination for Typhoid is available in three
forms namely, injection, oral vaccine and
conjugate vaccine.

A classical SIR model with a bacteria
compartment is given by SIRB model. SIRB

model is used to represent the disease spreads
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through a bacterium such as Cholera and
Typhoid.

Mathematicians used this model for
analyzing of such diseases. Olcay Akman [8]
formulated different models with bacteria
class for Cholera. Nthiiri [7] formulated and
analyzed the stability of Typhoid by PSIT
model. Getachew [4] studied the stability of
SIRB model with carrier state for Typhoid.
Peter [9] studied the dynamics of Typhoid
fever with SITR model with protected class.
Hamadjam Abboubakar [6] derived a SECIR
and  bacteria

model with vaccination

compartment for Typhoid and also analyzed

oN B,B)S | |

the model with control strategies. Fitriyani [3]
analyzed the stability of SIRB model for
Cholera with vaccination and disinfection.

In this paper, we formulated SIR
model with treatment class and bacteria class
for Typhoid, including the infectious rate from
humans and the infectious rate from
environment. For the numerical analysis, we
used the data of Odisha, India.
METHODOLOGY
Formulation of Model

The following Figure 1 shows the
transistion of Typhoid disease with treatment

and bacteria compartment.
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Figure 1: SITRB model for Typhoid disease

The following system of ordinary differential equation represents the Typhoid model,

s _ w N(t) — (B, + B,)5(t) — uS(t)

dt
d
d_iz (B, +B,)S(t) —(a+ p+d)I(t)
Z=al(t) - (y+ ) T() (D)
vl
d_f= y T(8) — uR(®)

= — 01() — (7 + 1, )B(2)
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With the initial conditions as S(t), I(t), T(t), R(t), B(t) = 0, and ¢, g, p;.d, By, 58, &, 6,7, y>0.

‘Where S(t), I(t), T(t),R(t), B(t) are the Susceptible state, Infectious state, Treatment state, Recovery state and
Bacteria state respectively, t - Average birth rate, [i - Average death rate, i, - Death rate of bacteria, i - Transistion

infection rate from humans, ﬁ u- Transistion infection rate of bacteria from environment, & - Treatment rate, & - Rate of

contribution from an infected human, #} - Disinfection rate, }* - Recovery rate, d - disease induced death rate, N - Total

Population.
Existence and Uniqueness of Solution

To prove the existence and uniqueness of the solution of the system (1) we use the
following theorem and lemma.
Theorem 3.1. Existence and Uniqueness Theorem

dy

Let == flx,v),y(x,)=y, and f(x, y) be continuous on a domain

D = (xylixg—a <xpa;v,—b<y=<y, +b} with the Lipschitz condition
lf(x,vy) — Fxe,v2)ll < Klly, — vl ,where K is a positive integer, then there exist bounded

solution in D.
Furthermore, if f(x, y) is Lipschitz continuous with respect to y on a rectangle

R={(x,v); xg—c<x<xp3+¢ ¥g— b<y =<y, +bjc < a} then there is a unique solution

y(t) in R.

Lemma 3.2. If f(x, y) has continuous partial derivative ? on a bounded closed domain R,

¥
is a set of real numbers. Then it satisfies a Lipschitz condition in R.
RESULTS AND DISCUSSIONS
Proof: To prove the main theorem, from (1) we consider the following:
fi= @ N(t) = (B + B,)5(t) —puS(t) (2)
fo= (Bn+ By)S(t) — (a+p + d)I(¢) 3)

fa= al(t) —(y+p) T(2) 4)

fo= yT(t)— pR(t) (5)

5= BI(t) — (n+ .”b]ﬁ(t] (6)
afi

Now we show that the partial derivatives, T 1,j=1,2,3,4,5 are bounded and continuous. We
:

J

derive the following partial derivatives for the model equations (2) - (6). We have

of, 9f, of, Oh Ofi _
ds ' ar 'ar ' orR ' adB
df, 9f; 9f, 9f, df;
s’ ar'ar’ drR " aB
df; 0f; df; 9f; 9fs

a5’ ar "'aT oRr " oB
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o1, of, of, of, of,
ds’ o1 "aT 'R’ aB
ofs o o 0% Us _,
ds ' aI 'dT ' dR " 9B
It is clear that the above partial derivatives are continuous and bounded. Hence, there exists a
unique solution of (1) in the region D which completes the proof.

Equilibrium Analysis
Case (1): Disease free equilibrium
Let § be the positive solution of E =0

iV
utfpt+ By

Case (2): Endemic Equilibrium
Let 5%,1°,T*,R*,B" be the positive solutions of
ds dI  dT dR _dB
a V@ Va Ya a
From the model equation (1),

From (1), 5 =

=0

. wlV
St Byt By
. _ BntBy wN
_cz+,u+d u+ g, + 8,
_a By tB, twN
Cy+uatp+d ptB,+B,
R*:t a B, +5, wN
pytpat+ut+d put+pf+ B,
Bt — 7, B, + 65 wN
ntp,a+p+d p+ B, +5,

E

Hence, the endemic equilibrium is
wN B, +8, wN

pu+B. +B8, at+pu+d pu+p, +B,

(S*.I, T*,R*,B*) = (

a BytBy whN Yy a BptBy wN
ytua+p+d p+B,+6, pytpet+putd puth, +6,
6  Bath wN )

ntpuatut+d p+B,+6,

Basic Reproduction Number
We know the largest Eigen value of next generation matrix FV 1 is the basic reproduction
number [1].

From (1) we have,
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Fz[(ﬁh‘i'ﬁb)as ﬂ]’ V=[¢¢+_H+d 0

g 0 0 n+u,
R lep L0 LA ]
Fy-i=(" 78T i
o I g i
! ol
l et g |
LT OpA T W -
Hence, we have
R. = 1‘2;':_1‘93-
° a+p+d

Stability Analysis
Theorem 6.1. The disease free equilibrium is locally asymptotically stable if Ry <1, [9]

Proof.:
The Jacobian matrix of (1) is

- & . 1N T = I 3 o — -

| AWM T PR T Py u u 0 0 |

| n a0 S S TR T oY n ~ ~ |

| By + By (@ +p+d) 0 0 0 | (8)
j= I 0 a —{y + ) 1] 0 I

| 0 0 ¥ —u Y |

| ~ 1 ~ " U |

L i & u v =Ty

The characteristic equation of (8) is

[-(u+ By +B,) —All-(a+ p+d) - Ay +p) - Al—p—A[-(n+p,) - 4] 9)

The Eigen values of (9) are

Ay =—(p+ B, +8,)<0

Ay==(a+p+d)<0

Ay ==(y+pu) <0

Ag=—pu=<0

Az =—(n+pu,)<0

From (7), RO <.

Hence the disease free equilibrium is locally asymptotically stable.

Theorem 6.2. The endemic equilibrium is locally asymptotically stable if RO > 1 [7] Proof. We

prove this theorem, using trace and determinant of the Jacobian matrix J. The trace of (8) is
tr(J) = [=(u+ By + Bp)1+ [-(a+u +d)] + [-(y + W]+ [—pl + [-(n + 1]

=—y—4u—-n—p,—a—d—(at+put+d)R,

Hence the trace of J is negative, when Ry > 1

The determinant of (8) is

Vl=pla+p+d)y+up)ln+p)[—(n+ B, +5,)]

HerelJ| = 0, with the condition (e + g + d)(y + p) (7 + p,) > 0.

Hence the trace of J is negative and determinant of J is positive. Thus the endemic equilibrium is

locally asymptotically stable if RO > 1

Numerical Analysis

For Odisha, w=0.0526; = 0.0208; d = 0.00047, From [5], £,= 0:001 and let us assume
5,=0:019; 8,=0:019; & =0:02; =0:009; 3= 0:02; y = 0:4
From (7), RO = 0:9208, which is stable in disease free equilibrium as Ry < 1. Hence the basic

reproduction value for Typhoid in Odisha is 0.9208.
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Figure (2) shows the flow of susceptible,
Infectious, Treatment, Recovered and Bacteria
state variables with respect to time. Figure (3)
and Figure (4) shows the flow of susceptible

class for different values of [, and g,
respectively. And the individual of susceptible
class decreases whenever infectious rates [,
3, increases.

Figure (5) shows the flow of
infectious class for different values of o and
the individual of infectious class decreases

whenever the treatment rate increases.

Figure (6) shows the flow of treatment
class for different values of 7y and the
individuals of treatment class increases
whenever the recovery rate decreases. Figure
(7) shows the flow of Recovered class for
different values of y and the individuals of
recovered class increases whenever the
recovery rate increases. Figure (8) shows the
flow of Bacteria class for different values of 1
and the individuals of bacteria class increases

whenever the disinfection rate increases.

800 T T T T

800

Susceptible
Infectious
Treatment

700 + Recovered i 4
— Bacleria 7

800 : o R

500

Number of Individuals
3
o

300 | / S g

100

0 10 20 30 40 50 60 70 80O 90 100
Time

Figure 2: Transmission of Typhoid in Odisha
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Figure 3: Flow of Susceptible class for different values of ﬁ h

IJBPAS, October, 2021, 10(10)

3769



Naga Soundarya Lakshmi V.S.V " And A Sabarmathi

Research Article

a (=3 £ o =1} = =
= =1 [=] (= =1 (=} =]
= =] =] = =] = =]

T T T T T T T

Mumber of individuals in Susceptible class

=]
=1
T

betab=0.019
betab=0.022
betab=0.025
betab=0.028
— betab=0.032

Figure 4:

10

Flow of Susceptible class for different values of ﬁ b

20

30

40

50
Time

60

70 80 90

100

800

700

600

400

300

200

Number of individuals in Infectious class

100

alpha=0.02
alpha=0.03
alpha=0.04
alpha=0.05
alpha=0.06

Figure 5: Flow of Infectious class for different values of a
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CONCLUSION

A Typhoid model with treatment
class and bacteria class was formulated.
Existence ad uniqueness of the solution of
the model is verified. The basic reproduction
number Ry is calculated. Using Ry, the local
stability of disease free equilibrium when Ry
< 1 and endemic equilibrium when Ry > 1
were verified. For Odisha in India, the Ry is
calculated as 0.9208, which is locally stable
in disease free equilibrium. The graphical

study on state variables was demonstrated.
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Figure 8: Flow of Bacteria class for different values of n

Particularly, it is observed that the

individuals in treatment class decreases
whenever the treatment rate increases and the
individuals in Dbacteria class increases
whenever the disinfection rate decreases.
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