IJBPAS, December, Special Issue, 2021, 10(12): 117-127
ISSN: 2277-4998

I
4\ J  International Journal of Biology. Pharmacy

]
‘,}6 ? and Allied Sciences (ILYBPAS)
‘E ‘A Bridge Beswem Laboraory md Reader’
A
W S i Www.ijbpas.com

A NOTE ON BIVARIATE BI-PERIODIC JACOBSTHAL
POLYNOMIALS AND BIVARIATE BI-PERIODIC JACOBSTHAL-
LUCAS POLYNOMIALS

VERMA V! AND BALA A’

1, 2: Department of Mathematics, Lovely Professional University, Phagwara, Punjab

*Corresponding Author: E Mail: Vipin Verma: vipin_verma2406@rediffmail.com
Received 19™ Aug. 2021; Revised 20™ Sept. 2021; Accepted 29™ Oct. 2021; Available online 1* Dec. 2021

https://doi.org/10.31032/1JBPAS/2021/10.12.2013
ABSTRACT

In this paper we introduce two polynomial sequences first one is Bivariate Bi- periodic
Jacobsthal polynomial which is define as j, (%, 7) = u(X,2)jn-1(% 2) + 2h(2)j,—»(X,z) if n is
even and j,(x,2) = v(X,2)jn-1(%2) + 2h(2)j,—2(x,z) if n is odd with initial conditions
jo(%,z) =0 and j;(x,z) =1 and second one is Bivariate Bi- periodic Jacobsthal Lucas
polynomials which is define as ¢,(X,z) = v(X,2)¢,-1(X,2) + 2h(z)¢,_,(X,z) if n is even
and ¢,(x,2) = u(x2)¢,-1(x%,2) + 2h(2)¢,_,(x,z) if n is odd for n =2 with initial
conditions &,(x,z) = 2, ¢;(x,z) = u(x,z). We have found generating function and Binet’s
formula of both the polynomial sequences. Investigate relationship between Bivariate Bi-
periodic Jacobsthal and Bivariate Bi- periodic Jacobsthal Lucas polynomials. Also find well-
known Cassini’s identity, Catalan’s identity and discuss the converging properties of both the
polynomial sequences.
Keywords: Bi-variate Bi-periodic Jacobsthal polynomials, Bi-variate Bi-periodic Jacobsthal

Lucas polynomial, Cassini’s identity, Catalan’s identity, Binet’s formula, Generating function

1.INTRODUCTION

In 2002 |[2] Catalani introduced the is noteworthy on bivariate polynomials [3].
generalisation of bivariate polynomials and After Catalani many authors worked on
some properties by matrix approach bivariate Fibonacci and Lucas polynomials
(mainly focused on Fibonacci and Lucas find many properties and relationship
polynomials). The contribution of Catalani between bivariate Fibonacci and Lucas
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polynomials. In 2016 Uygun [7] defined
generalization of Jacobsthal sequence and
proved many identities. In 2018 Uygun [9]
defined Jacobsthal-Lucas and bivariate
Jacobsthal matrix polynomial sequences
investigated important properties,
relationship between bivariate Jacobsthal-
Lucas and Jacobsthal matrix polynomial
sequences. In 2019 Uygun [10, 11]
introduced

generalized bi-periodic

Jacobsthal-Lucas sequences and
generalized Jacobsthal-Lucas sequences
and obtained some properties.

In 2020 [1, 12] Verma and Bala introduced
a mnew generalisation as bi-periodic
Jacobsthal polynomial and bivariate bi-
periodic Fibonacci polynomial, prove some
identities based on these polynomials.

in(x7) = {u(& Djn-1(x2) + 2h(2)jn_z(x7)

with initial conditions j,(xz) = 0,j;(x,2z) =1

jo(xz) =0, ji(xz) =1,

if nis even n
V(% 2)jn_1(x2) + 2h(2)jn_2(x,2) if nisodd =

J2(%2) = u(x2),

Here, firstly we introduce the bivariate bi-
periodic Jacobsthal and bivariate bi-
periodic  Jacobsthal-Lucas  polynomial
sequences. Find Binet’s formula and
generating function for both polynomial
sequences. Investigate relationship between
bivariate bi- periodic Jacobsthal and
bivariate bi- periodic Jacobsthal Lucas
polynomials. Prove some well-known
Cassini’s identity, Catalan’s identity and
discuss the converging properties of both
the polynomial sequences.

2. Definitions and results

Definition 2.1: For any u (x,2), v(X,7) and
h(z) belonging to R — {0}, %,z belonging
to R and n € N the bivariate bi-periodic

Jacobsthal polynomials is given by:

> 2 (2.1.1)

J3(x2) = u(x2)v(x,2) + 2h(2),

Jja(x2) = u(x2)*v(x,2) + 4u(x 2)h(z)

Alternative Definition: For any u (x,7), v(x,z) and h(z) belonging to R — {0}, x,7 belonging to R and
n € N, the bivariate bi-periodic Jacobsthal polynomials is defined by

Jnx2) =u®x2) ¥ Mu(x ) ™), 1 (x2) + 2h(@)jn—2(%2), n=2

where E(n) =n — 2 EJ

(2.1.2)

Definition 2.2: For any u (x,7), v(x,7) and h(z) belonging to R — {0}, x,7z belonging to R and n € N,
the bivariate bi-periodic Jacobsthal Lucas polynomials is defined by

&, (xn2) = {v(& 7)&n-1(%,2) + 2h(2)¢p_2(x,2)

if nis even
u(%2)Cn-1(x,2) + 2h(2)&,—2(x2) if nis odd

n=>2, (2.1.3)

with initial conditions are &,(x,z) = 2,&,(x,z) = u(xz)

Alternative Definition: For any u (x,z), v(x,z) and h(z) belonging to R — {0}, x,z belonging to R and
n € N, the bivariate bi-periodic Jacobsthal Lucas polynomials is defined by
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En(x2) = v(x D) Mu(x ) ™e,_ 1 (x,2) + 2h(DEp_o(x2), n =2 (2.1.4)
with &(x,2) = 2, & (x,2) = u(x2)
where E(n) =n — 2 EJ

From the definition (2.1.1) and (2.1.3), characteristic equation of the bivariate bi-periodic Jacobsthal
polynomial and bivariate bi-periodic Jacobsthal Lucas polynomials are

2% —u(x,2)v(x 2)A — 2u(x,2)v(x,2)h(z) =0

with roots A4 (%, z) and A,(x,7z) given by

UV D) + (U DV D) +Bux IV DA
M(x2) = 2

and

u(x,2)v(x 2) — /(U 2)v(x,2))? + 8u(x 2)v(x, 2)h(z)
2

Lemma 2.1 1f {&,(x,7) }ymeo and {j, (%, 2)}n=o are given by (2.1.1) and (2.1.3) then:

A(xz) =

Jan(7) = (U DV(%2) + 4h(D))jzn-2(x2) — (2h(2)) jzn-a(x2) (2.1.5)
Jan1(x2) = (u(x DV 2) + 40 )jon1(%2) = (2h(D)) an—3(x ) (2.16)
en(x2) = (u(x V(% 2) + 4h(2))Ern_2(x2) — (2h(2)) Exn_a(x,2) (2.1.7)
Eams1(x7) = (U DV 2) + 41(2) )ezn-1(52) — (2h(2)) En—3(x 2) (2.1.8)

Proof: By using definition 2.1
Jan(x2) = u(x2)j2n-1(x2) + 2h(2)j2n-2(x2)
= u(x2)[V(x 2)jan-2(%2) + 2h(2)j2n-3(%2)] + 2h(2)j2n-2(x2)
= (u(x 2)v(x,2) + 2h(2))jon-2(%2) + 2h(@)[U(x 2)j2n-3(x 2)]
= (u(x Dv(x2) + 2h(2) )jan-2(%2) + 21D [zn-2(2) = 2h(2)j2n-4(x 2)]
= (uxDv(x2) + 4h(2))jan-2(x2) — 2h(2))%j2n-a(x.2)
Similarly, we can prove
Jon+1(x2) = (U D)V(x,2) + 4h(2))j2n-1(x2) — (2h(2))?j2n-3(x2)
En(x2) = (ux DV (x2) + 4h(2))en-2(x%2) — (2h(2))*E2n-4(x.2)
Cone1 () = (U6 DV 2) + 402D ezno1 () — (2h(D)) Conos (x2)
Lemma 2.2 Forn € N, if {j,,(x,2) }n=o is defined by (2.1.1) then,

Jnie®2) = (ux 2)v(x2) + 4h(2))ux 2 Mv(x, 2) ™), 13(x 2) — 8(h(2)%n (% 2)

Proof: This can be easily proven with the help of alternate definition of bivariate bi-periodic
Jacobsthal polynomial.
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Lemma 2.3 The 1,(x,z) and 1,(x,z) defined by (2.1.2) satisfy the following properties

(i) (4 +2h@)(A; +2h(2)) = (2h(2))*

(i) 4 + 4 =u(x2)v(x2)

(i) A A, = —2u(x,2)v(x2)h(z)

(iv) (A1) %+ (1)? = (u(x v (x, z))2 + 4u(x 2)v(x 2) h(z)
(V) —=(41(A; + 2h()) = 2h(2) A,

(vi) =(A2(A1 + 2h(2)) = 2h(2) A4

(vii) (A3 +2h(x)) = e
2 u(xz)v(xz)

e = (ll)z
(Vlll) (/11 + Zh(Z)) - u(xz)v(x2)

We canuse 44 (x,z) = 4; and 1, (x,2) = 1,

3. Generating function, some identities, binomial summation formula and relationship
between {j, (x 2)}n=oand{¢, (x, 2)}n -

Theorem 3.1(Generating Function). For every m € N, the generating function of the bivariate bi-
periodic Jacobsthal and bivariate bi-periodic Jacobsthal Lucas polynomial sequences are denoted by
J(t) and C(t) are given by
t(1 4 u(x 2)t — 2h()t?)
1— (u(x, )v(x,2) + 4h(@)e? + (2h())2t*
2 — (ux)v(x2) +4h(2)t* + u(x 2t + 2h@Du(x 2)t>
1— (uG (%, 7) + 4h@)e? + (2h(2)%t*

Proof: J(t) is representing in the form of power series

J(@®) =

Ce) =

J© = jmG)
m=0

We can write J(t) as J(t) = Jo(t) + J1(t)

Where the J,(t) is even part of the series

Jo(® = jolu) + oD+ = D fom ()™

m=0
And J; (t) is odd part of the series
h® = hDE+5DE + 0 = D oy (™
m=0
Now consider the even part of the series
Jo@® = joGs®) + oG+ = D fomG D™ = 0+ UKD+ D fomG O™ (B11)
m=0 m=2

by Lemma 2.2

Jom(%.2) = (u(x 2)v(x2) + 4h(2) )jam-2(x2) — 2h(2))*jam-a(x.2)
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on substituting the above value of j,,,(x,7) in (3.1.1)

Jo(® = u(x2)t? + Z [(u(x DV (%, 2) + 4h(2))j2m-2(%2) — (2R(2))*j2m-4(x2) |t*™

m=2
Jo(®) = ux2)t? + (u(x 2)v(x2) + 4h(2))t*)o(t) — (2h(2))*t*]o(t)

Hence, we get

Jo() = u(x,7)t?
T - (V% 2) + 4h(Q))E? + (2h(2)?tH
Similarly, we can find
O = t — 2h(2)t3
T - (uk (% 2) + 4h(2))E2 + (2h())2tH
Since
J(@®) =Jo(®) +J1(6)
) = t(1+ u(x 2)t — 2h(z)t?)

1 - (u(x2)v(x2) + 4h(2))t? + (2h(z))?t*

In the same way we can find the generating function bivariate bi-periodic Jacobsthal Lucas
polynomials as

2 — (ux)v(x2) +4h(2)t* + u(x 2t + 2h@Du(x 2)t>
1 - (u(x2)v(x2) + 4h(2))t? + (2h(2))?t*

Theorem 3.2 (Binet’s formula) : For every n € N, nt® term of {j,(x,z) }reo and {&,(x,7) }oeg are
given by

Ce) =

(3.2.1)

) u(x, 7)1 74 "= A"
jn(x2) =

(u(x v )zl \ 4%
u(x, Z)f(n)

n+1
(ux D)v(x z))lTJ

th(x2) = "+ 2, (3.2.2)

where the parity function is £(n) = n — 2 EJ .

Proof: Parity function é(n), can be expressed as

0if niseven

§o) = { 1 if nisodd
we can find Binet’s formula using two step method
1. Take generating function and using partial fraction decomposition method.
2. After using partial fraction apply Maclaurin’s Series expansion.

we get,
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1 u(x2) (4 +2h(@) — 2h@4t  uk2) (42 +2h()) — 2h(@) 25t

(2h(2))*(A1 = 12) p2 _ (A + 2h(2)) _ (A2 + 2h(2))
(2h(2))* (2h(2))*

J(®) =
t2

We know that J(t) = J(t) + J1(t)

Where J,(t) is even term series and J;(t) is odd term series and after separating series, we can use
Maclaurin’s Series expansion and identities —(A; (A, + 2h(z)) = 2h(z)A, and —(1,(A; +
2h(z)) = 2h(z)A; and we get,

u(x,z) c 2 n n n
Jo®) = R G =i ZO (r@)’1(h + 20@)" - (A, + 2h()") ¢
1 . 2 n n n+
1O = Gy =Ty 2 (PO T (h + 20)') = Gahs + 200) )
Using identities (1, + 2h(2)) = #ﬁiz) and (A; + 2h(2)) = m(j)—f(zm
We find,
S u(x,z)

(D™ = A)*D e

Jo® = 2, v ) G — 1)

= 1
B ;} wx2)v(x2)" (A — 1)

J1(®) (A2 — ()2 H1]) e2ntt

After solving J,(t) and J; (t) we get

u(x,z)1=5™ (Aln - Az") n

j®=) e

n=o [u(x, 2)v(x,2)] 2

So, we have Binet’s formula

. u(x, )™ -2,
(uxnv(xz)lzl\ ™ 72
Applying the same processor, we can obtain Binet’s formula for finding nt" term of {&,,(x 2)}%-, as
. u(x )™
CTL(X‘J Z) = ln_—'—l] (Aln + Azn)
(u(x2)v(x,2))" 2

Theorem 3.3 For every two consecutive terms of the bi-periodic Jacobsthal polynomials

limjan(X"Z)— A Y on (% 2)
noo Jon(%z)  ulxz) ool g(x2)

and

lim jZn(X«Z) _ /11 _ 1 62n+1(X«Z)
n-wjon_1(%2)  v(xz) noo &pu(xz)
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Proof: Consider
. 22 \"
1A, | <A, and lim,_, (ﬁ) =0

by equation (3.2.1) we have
1

2n+1 (’11 ant — ’122n+1)
lim jz'n+1(Xu 2) _ P CICRII(C z))ITJ
n-w jon(x,z)  noow u(x2) — (/112n _/12211)
(u(x 2)v(x z))ITJ

v T (a2 - 4,
= lim

T U 7). (D V(x, z))l#J (2% = 2,°™)

2n+1
A2

A 2n+1 <1 _ )
= lim i 312n+1 = lim ) et

noo /122"> oo u(xz) | ux7)

Again, apply same process and we get

. éZn (X« Z) /11
lim - =
n-oCyp_q(x%2)  u(xz)

and

. Jan (X« Z) /11 . 62n+1(X, Z)
lim - = = _
nowjon 1(%2) v(xz) n-oo &p(xz)

Theorem 3.4 If {j,, (%, 7) }oeo is defined by (2.1) then prove that
Jon(x2) = (=)™ (2h(2) " (x.2) , n=123..,
Proof: By using Binet’s formula on replacing n by —n we have result.

Theorem 3.5 (Catalan’s Identity): If n and r are positive integers with n > r, then prove that

u(x 252D (% D jner (x2) — u(x 2) @u(x, 7)1 ™) 2 (x,2)
n-r 3
=—(-2h@)  uk2*Dv(x2)¢"}2(x2)

Proof: By using equation (3.2.1)

u(x2) @ () (% D) (.2)
1-&(n-r) 1-¢(n+r) n—r _ 4 n-r ntr 9 ntr
O O L (e u(%2) ] </11 Az ) <l1 Ay )

(u(x Dv(x, Z))I%J (u(x 2)v(x, Z))lnTH A=A A=Ay

U )2y ) 1) <A - A) <A - A)
- -&(n-r) — _

(u(X« Z)V(X, Z))n §n-r Al /12 /11 AZ
B u(x 2) [Af" — AT (LT + 2,7 + AZZ"]
 (ux 2)v(x 2)" 1 (A —23)?

Again, by using equation (3.2.1)
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u(x,z)
(A1 — ) (u(xz)v(x )" !

u(x2) Mo (x,2) ™) 2 (x,7) = [4,%" =24, 2)™ + 2,77

Therefore

u(x2)* v ) (% D jngr (%0 2) — u(x2) Mo (x, 2) ™), 2 (x, 2)

u( ) -r T r n
= (u(X, Z)V(X«Z))::j((ll _ /12)2)2 [_(/1112)7[ (/112 -|-ﬂ,22 ) + 2(1112) ]
_ u(x,z)

T (w224 - 12)?)?

_—ulxz) (4 4)" [MT - Azr]z

[_(/1112)n_r[(/112r + /122T) - 2(/11/12)r]]

v ) -4,
_ (2 v @) ux )[4 - AZT
(ux2)v(xz)"* | A=A,

| —(“2u v D) ulx ) @DV D) 3] -
B (ux 2)v(x2)"? u(xg)2-28m Jr WA
= —(-20@)"  ux D Mv(x ) M), (x 2)

Theorem 3.6 (Cassini’s Identity) For any natural number n, prove that

fn-1)-1 £m-1
<ZE2 3) Jn-1(%2)jns1(x 2) = C’Lg 3) jntGez) = =(=2h@)"

Proof: Put the value of r = 1 in Catalan’s identity we get the Cassini’s identity.

Theorem 3.7 (D’Ocagne’s Identity) For any two positive integers m and n, with m = n , prove that

u(x 2)S MMy (x, 2)S MR (30 7Y g1 (x,2) — u(x, 2) MM p(x, ) MM (%, 2) i (%,2)
n .
= —(—2h(@) u(% Djm-n(x2)

Proof: Proof can be easily obtained from Binet’s formula (3.2.1) such that

Let us assume

u(x, 2)$ MMMy (x, 2) M i (%, 2) s (%,2) = ¥(x,2)

and

u(x,2)s MMy (x, ) MMM L (%,2)jn (%, 2) = €(x,2)

where

Y(x ) = RO O] T AJ’”"“—(Alzz)m(mzm‘”+azalm‘")+az’"+n+1]
X,z) =

m—n—¢m-n) —
(ukx2)v(xz) 2 (A1 — 42)?

and

_ m-n
wx Dl Dree )] |2 = Aado)™ (T 4 2y +1 ) + 2

m—-n—&(m—n) — >
ukx2)vxz) 2 (41— 23)

Now we subtract ¥(x,z)and €(x,z) we get,

€(x2) =
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¥(x2) — €(x2)
u(x,z)[ux,2)v(x 2)]~ L), m ) m— m—
m-n—&(m-n) [( 142) [ 2 i 1 e 172 "

(A = 22)2(u(x, 2)v(% 7)) 2
- ,12/11’"‘”]]

_ U Dulx rlx ™ |[(—2h@uG DY D) (A (A = 1)

m—-n—&(m—n)

M-~ 1)@ De(x D) 2
— ()™ (A — A7)

= (—2h@)"w(x Djm-n(x,¥)
Theorem 3.8 Sums involving Binomial Coefficients

For integers n > 0, prove that

(i) Z (M ChE)Y™ ulx 2)* Olulx 2)v(x, z)]lﬂji(xa 7) = jon(%2)
i=0

i+1

W Z (?)(Zh(z))n_iu(& 2) D [u(x, ) v(x, Z)]lTij(& z) = jan+1(x2)
i=0

n
i

(ﬁi)z (M @R@) ulx ) P(ulx, v (x, NEle 10 = Epnas (0,2)
i=0

(iv) (M hE)™ ulx2) AV [(ulkx 2)v(x z))]lHTlJéi(x, 2) = u(x2) &n(x2)

i=0
Proof: Proof of (i) part, by using equation (3.2.1) and binomial expansion we get

n

z (7) (2h@)" u(x 5D (u(x Dv(x, Z))l%lfi(& 2 = ; (Tll) (2h(@)" " ulx2) </1;1 - jﬁ )

—u) (=) [ (D) encor-ai = Y (1) (Zh(z))”ﬂz"l

B ) [i=0 i=0
1
= u(x) (77 [(h + 22" = @2 + 2h@)"]
B ( )( 1 )' /11271 ~ AZZn
~ ) [ v e )t @l vk )
_ 1 2,27 — 2,20 -
=69 (57 [tcos z))”] ~Jnle)

Similarly, we can prove (ii), (iii) and (iv).

Theorem 3.9: For every m,n,r € Nthe relationship between bivariate bi-periodic Jacobsthal and
bivariate bi-periodic Jacobsthal-Lucas polynomial sequences are given by

() w2 ) e, (% 2)Enr(x2) — U 2) T ™u(x,2) ™e, % (x 2) =
(—2h@)" (A — 22)*(u(x D D 20(x ) ¥}, 2 (x,2)
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()  u(xg)lMntmy(x )Smnime (% 2)E(x2) —
u(x, 2§ p(x, )M (5, 2) 8044 (% 2) = (—2h(2)) " [(u(x 2)v(x 2) +
8h(Z)]jm—n (x, Z)

Proof: Theorem can be proved easily by using Binet’s formula (3.2.1) and properties of parity function
Em)=n-2 EJ
Let us assume

u(x,2) M (x,2)8 e, (%, 2)Eper(x2) = H(x 2)

and
u(x%2) " ™% 2)°™e,*(x,2) = F(x 2)
where
[u(x 2)v(% D] 47" + MADV T (7 + 4,%7) + 2,°"
H(x,z) =
1 1
And

R (C 101G [AE” + (MaA2)™" + Azzn]

1 1

Now we subtract H(x, z) and T(x, z) we get,

H(x7) — F(x2) = (=2h(2)" (A — 1) 2 (w(x 2) D 2v(x,2) ¥}, 2 (x,2)

Similarly, we can solve (ii)
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