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ABSTRACT 

Forecasting and prediction provide basis for informed decision-making and their importance 

goes manifold particularly when they have macro impact covering a whole country. Quality 

of forecast directly affects the governance of a country. Statistics, if applied cautiously, have 

all the potential to do the job effectively. Forecasting and prediction in relation to the crop 

production is not new but getting Bayesian approach involved is relatively new and is rare for 

Pakistani environment let alone Bayesian Non-Parametric, which is the subject matter of the 

paper, is absent in this part of the world. Life long time-series data of Pakistan as a whole and 

on provincial basis was used for demonstration. Gaussian Process with an innovative kernel 

function was devised for the purpose. The performance of the proposed model was compared 

against existing well-taken models and the supremacy of the proposed model was established.  

Keywords: Bayesian Nonparametric Modelling, Gaussian Process, Potato 

Production, Forecasting 

INTRODUCTION  

An important aspect of statistical methods 

is to forecast. There are several procedures 

and methodologies available in this regard 

which includes but not limited to Box and 

Jenkins methodology. The literature on the 

application of these methodologies to real-

life situation is rich. The most-used models 

are Time Trend, Autoregressive Integrated 
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Moving Average (ARIMA), and 

Exponential Smoothing (ES) models. The 

application of these models is widely 

available to model and then forecast the 

agriculture production e.g. [1, 2, 3, 4].  

Pakistan is an agriculture country where 

agriculture is the largest sector of the 

economy which contributes heavily in 

country’s exports. Forecasting the 

agriculture yield is an important aspect that 

helps policymaker and planners. 

Forecasting of agriculture crop in Pakistan 

is discussed by [5, 6, 7]. Potato is one of 

the major agriculture crops which Pakistan 

is self-sufficient in. The yield has positive 

growth yearly and is 3975000.73 tons on 

average for the last three years. As it could 

earn Forex to Pakistan, we are interest to 

equip out planners with the crop yield 

forecast to help good governance. 

Bayesian nonparametric models are among 

leading methods used in various type of 

data modelling wheremodel has a prior 

distribution over the regression function in 

infinite-dimensional space. A famous 

regression model over infinite-dimensional 

space with prior knowledge is known to be 

a Gaussian Process (GP).The application of 

this model for foreign data modeling is 

done by [8, 9, 10, 11]. These models are 

not much popular in Pakistan and the 

literature is silent on it.  

The major objective of this work is to 

introduce the application of Bayesian 

Nonparametric domain and to demonstrate 

its applicability, elasticity and efficiency of 

such complex models for Pakistani data and 

to establish its dominance. This approach 

will open new horizons for new researchers 

to use, adapt and extend them for similar 

situations. We used GP approach to 

forecast the production of potatoes in 

Pakistan as a whole and to its four 

provinces separately. Also, a comparison of 

the Gaussian process with available models 

is made to highlight its effectiveness and 

efficiency. 

GAUSSIAN PROCESS 

A Gaussian Process (GP) is a Stochastic 

process, indexed by a variable x, whose 

finite distribution is multivariate Gaussian. 

GP is not a distribution of random variable 

but a distribution over function with finite 

domain [13, 10]. Suppose, x X is an input 

space and the mapping :f X        is the 

mapping from input to reals space then 

( )f x  is Gaussian distributed with mean 

( )m x  and covariance function ( , )g x x , 

also known as kernel function [12], that is  

 ( ) ( ), ( , )f x GP m x g x x  

Now consider a simple model for an output 
y as 

( )y f x e  , 

where e is a noise term distributed as 

Gaussian distribution that is 
2(0, )ne N  . 

So, the probability distribution of y is as  

P 

̴ 

̴ 
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 2( , ) ( ), ( , ) np y f x GP m x g x x I   

For a new test data x* the joint distribution 

of f(x) and f(x*) is also Gaussian 

distribution. The joint distribution of output 

y for train data and y*for test data x* is 

20 ( , ) ( , )
,

0 ( , ) ( , )
n

y g x x I g x x
GP

y g x x g x x

 

   

     
           

 . 

The posterior probability distribution of y* is also Gaussian distribution 

      , , ( ) , ( )p y x x y GP m f x COV f x     

Where   1* 2( ) ( , ) ( , ) nm f x g x x g x x I y
     

 

and   12( ) ( , ) ( , ) ( , ) ( , )nCOV f x g x x g x x g x x I g x x
         . 

The log marginal likelihood is the marginalization of function over function. Thus, the log 

marginal likelihood is 

    12 21 1
log ' ( , ) log ( , ) log(2 )

2 2 2n n

n
p y x y g x x I y g x x I  


      . 

The hyper parameters of prior function can 

be found by optimising the deviance 

function of the model. In this case the 

deviance function is the  2log p y x . 

The choice of kernel function for a 

covariance matrix is one of the important 

factors need to be considered in GP 

modelling as it affects the output. The basic 

properties of a Kernel functions are 

a. Kernel function must be symmetric  

b. Kernel function must be positive 

semi definite 

c. The sum or product of Kernel 

functions which satisfy a and b also 

kernel functions and satisfy a and b 

Some general and mostly used kernel 

functions discussed by [12] are 

Squared Exponential Kernel 

The squared exponential kernel function is 

used as by default kernel for GP and for 

any input x is defined as 

 2

2
2

'
( , ) exp

2SE f

x x
g x x

l


 
  

 
 

 

Where σ and l are the hyperparameters. 

Periodic Kernel 

The periodic kernelis used to access the 

periodic repetition in data. For any input x, 

the periodic kernel is defined as 

2

2

2 ( ')
( , ) exp SinP

x x
g x x

l p

   
   

   

 

Where p and l are hyperparameters. 

Linear Kernel 

Linear kernel it’s self not much important 

but it provides attractive feature when it is 

combined with other kernels. So a simple 

linear kernel is defined as 

( , ) ( )( ' )Lg x x x c x c  
 

 

 

̴ 
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METHODOLOGY  

The data on potato production in thousand 

tons for the year from 1948 to 2017 is taken 

from the official website of 

http://www.amis.pk. The data is of 

production of potato separately in all four 

provinces of Pakistan and finally the total 

production in Pakistan. Firstly, data is 

divided into two parts. First part, from 1948 

to 2010, was used as training data whereas 

remaining part, from 2011 to 2017, 

constituted the second part which was used 

for testing purpose. Several conventional 

models are also used to model and forecast 

the same data under same scheme. The 

forecast of the conventional model which 

produced best result was then compared 

with that of the proposed model by means 

of certain summary statistics. The one-step-

ahead forecasting using GP model for each 

test data point is also done. This procedure 

is repeated separately for each province as 

well as for total production of country. 

For the selection of the best ARIMA and 

ES Model, we calculated the AIC and 

MAE. Finally, for each test point we 

measured the Mean Absolute Percentage 

Error (MAPE) that is 

1
MAPE 100act est

act

y y

n y


   

Also, Root Mean Square Error (RMSE) 

was calculated for each test point that is 

 21
RMSE= act obsy y

n
 . 

RESULTS AND DISCUSSION 

Figure 1 shows the time plot for each 

province of Pakistan and the total 

production of Pakistan. Which shows that 

the production has gradually increased over 

years for Punjab and KPK. While for Sindh 

and Baluchistan production has gradually 

decreased after 2000.  

Table 1 shows the model comparison of all 

provinces of Pakistan and for the total 

production of Pakistan. From the Linear 

trend model, ARIMA model of different 

orders and different ES models the best 

model with minimum AIC and RMSE is 

selected in every case.   

For Punjab, the best ARIMA model is 

ARIMA (1,0,1) and best ES model is 

Browns ES model. For Sindh, the best 

model among ARIMA is ARIMA (2,1,2) 

and best ES model is simple ES model. For 

KPK the ARIMA (0,1,0) and simple ES 

model appears as best one. For Baluchistan 

the ARIMA (0,1,1) and simple ES is 

selected as best models. For Pakistan, 

ARIMA (1,0,1) and Brown ES pops up as 

best one. For exponential smoothing the 

value of smoothing parameters are also 

mentioned with the model name in the 

table. 

Table 2 shows the results of hyper 

parameters estimation of GP priors. In the 
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second column of this table the scheme of 

local kernel function is given that is used 

for the estimation of each province. And 

after mixing the kernel the joint 

hyperparameters estimate after optimizing 

the deviance function is shown in table 

along with deviance function. 

Table 3 shows the forecasting performance 

of each selected ARIMA, ES and GP 

model. Actual values of 7 years and the 

forecasted values obtained from each 

method is also presented here. We 

calculated RMSE and MAPE for each 

forecasted observation. Finally, the average 

value of each measure is calculated which 

summarises the overall performance of 

each model. 

From Punjab, on average GP is 5% more 

efficient than ES and 59% more efficient 

than ARIMA models. For Sindh, GP is 2.1 

times more efficient than ES and 95% more 

efficient than ARIMA. For KPK, GP is 

9.8% more efficient than ES and 11% more 

efficient than ARIMA models. For 

Baluchistan, GP is approximately 23% 

more efficient than ES and ARIMA model. 

For total production of Pakistan, the GP 

model is 33.8% more efficient than ES and 

68% more efficient than ARIMA (Table 

2). 

 
Figure 1: Time plot of the production of potatoes 
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Table 1: Model Comparisons and Selection for Potato Production 
Punjab Sindh 

Model RMSE MAE AIC Model RMSE MAE AIC 
Linear trend −𝟓𝟎𝟑. 𝟖𝟐𝟐 +  𝟑𝟒. 𝟓𝟑𝟕𝟏 𝒕 406.245 326.187 12.077 Linear trend 𝟒. 𝟏𝟖𝟏𝟐𝟔 +  𝟎. 𝟎𝟒𝟎𝟒𝟔 𝒕 3.326 2.889 2.467 

Simple exponential smoothing 𝜶 = 𝟎. 𝟖𝟖𝟐𝟔 177.830 84.461 10.393 Simple ES𝜶 =  𝟎. 𝟖𝟒𝟏𝟕 1.437 0.962 0.756 
Brown's ES𝜶 = 𝟎. 𝟑𝟎𝟑𝟑 162.144 82.095 10.209 Brown's ES𝜶 = 𝟎. 𝟒𝟐𝟓𝟏 1.528 1.072 0.880 

Holt's ES𝜶 = 𝟎. 𝟐𝟓𝟕𝟗 and 𝜷 = 𝟎. 𝟐𝟑𝟕𝟑 167.037 84.771 10.300 Holt's ES𝜶 = 𝟎. 𝟖𝟒𝟒𝟐 and 𝜷 = 𝟎. 𝟎𝟎𝟗𝟒 1.460 0.991 0.821 
Brown's quadratic ES𝜶 = 𝟎. 𝟏𝟒𝟖𝟕 158.004 81.914 10.157 Brown's quadratic ES𝜶 = 𝟎. 𝟐𝟗𝟖𝟗 1.637 1.174 1.017 

ARIMA(1,0,1) 139.362 68.716 9.938 ARIMA(2,1,2) 1.335 0.941 0.704 
ARIMA(2,0,1) 139.270 72.652 9.968 ARIMA(2,1,1) 1.374 0.930 0.731 
ARIMA(1,0,2) 139.440 72.993 9.971 ARIMA(0,1,0) 1.454 0.976 0.748 
ARIMA(2,0,2) 140.447 72.235 10.017 ARIMA(1,1,2) 1.395 0.923 0.761 

KPK Baluchistan 
Model RMSE MAE AIC Model RMSE MAE AIC 

Linear trend −𝟕. 𝟏𝟎𝟓𝟖𝟒 +  𝟐. 𝟑𝟎𝟔𝟐𝟖 𝒕 11.415 8.590 4.933 Linear trend𝟐. 𝟓𝟐𝟎𝟏𝟐 +  𝟏. 𝟐𝟎𝟓𝟕𝟕 𝒕 22.283 17.306 6.271 
Simple ES𝜶 =  𝟎. 𝟖𝟒𝟎𝟔 8.939 6.302 4.413 Simple ES𝜶 =  𝟎. 𝟕 11.898 7.959 4.984 

Brown's linear ES𝜶 =  𝟎. 𝟒𝟎𝟎𝟕 9.324 6.884 4.497 Brown's linear ES𝜶 =  𝟎. 𝟑𝟐𝟖𝟖 12.118 8.387 5.021 
Holt's ES𝜶 =  𝟎. 𝟕𝟔𝟎𝟖 and 𝜷 =  𝟎. 𝟎𝟑𝟐𝟗 8.852 6.297 4.425 Holt's ES𝜶 = 𝟎. 𝟔𝟔𝟐𝟗 and 𝜷 =  𝟎. 𝟎𝟔𝟖𝟕 12.110 7.990 5.052 

Brown's quadratic ES𝜶 =  𝟎. 𝟐𝟔𝟖 9.903 7.318 4.617 Brown's quadratic ES𝜶 =  𝟎. 𝟐𝟐𝟑𝟗 12.626 8.904 5.103 
ARIMA(0,1,0) 9.054 6.605 4.406 ARIMA(0,1,1) 11.995 8.079 5.001 
ARIMA(0,1,1) 9.012 6.403 4.429 ARIMA(1,1,0) 12.020 8.063 5.005 
ARIMA(1,1,0) 9.018 6.383 4.430 ARIMA(1,0,1) 11.973 7.942 5.029 
ARIMA(1,0,0) 9.018 6.443 4.430 ARIMA(0,1,0) 12.451 7.944 5.044 

Pakistan 
Model RMSE MAE AIC Model RMSE MAE AIC 

Linear trend−𝟓𝟎𝟒. 𝟐𝟐𝟔 +  𝟑𝟖. 𝟎𝟖𝟗𝟕 𝒕 385.963 310.109 11.975 ARIMA(1,0,1) 140.456 68.088 9.953 
Simple exponential smoothing 𝜶 = 𝟎. 𝟖𝟔𝟕 180.090 89.389 10.419 ARIMA(2,0,1) 140.628 73.496 9.987 

Brown's linear ES 𝜶 =  𝟎. 𝟐𝟖𝟗𝟔 163.826 85.846 10.229 ARIMA(1,0,2) 140.895 73.128 9.991 
Holt'sES 𝜶 =  𝟎. 𝟐𝟐𝟓𝟐 and 𝜷 =  𝟎. 𝟐𝟓𝟒𝟐 167.790 84.895 10.309 ARIMA(2,0,2) 143.457 72.432 10.059 

Brown's quadratic ES 𝜶 =  𝟎. 𝟏𝟑𝟕𝟕 159.331 83.029 10.174 ARIMA(2,1,2) 145.310 73.552 10.085 
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Table 2: Local Kernel functions and estimated Hyperparameters for GP priors 

GP Local Kernel Deviance σn σf l P c 

Punjab gSE×gP+gL 743.4326 17.4509 271.6706 26.3997 5.3945 -56.8611 

Sindh gSE 224.7350 1.3166 6.3225 9.3397 - - 

KPK gSE×gP×gL 457.8010 8.3398 1.0818 69.6601 -0.3769 -4.0131 

Baluchistan σf ×gP×gL 481.9013 9.3188 1.2605 1.4105 0.9847 - 

Pakistan gSE+gP×gL 41496.6900 3.0017 4.0022 2.9997 0.9888 0.0000 
 

Table 3: Forecast performance of the selected model for test observations 
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E
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M
A
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E

 

R
M

SE
 

G
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M
A

P
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R
M

SE
 

P
un

ja
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2011 3339.90 3090.31 7.47 24959.00 2987.96 10.54 351.94 3153.81 5.57 186.09 

2012 3235.30 3340.00 3.24 104.70 3173.84 1.90 61.46 3322.38 2.69 87.08 

2013 3639.10 3609.87 0.80 29.23 3365.63 7.52 273.47 3496.83 3.91 142.27 

2014 2743.30 3901.55 42.22 1158.25 3563.33 29.89 820.03 3677.34 34.05 934.04 

2015 4019.90 4216.79 4.90 196.89 3766.94 6.29 252.96 3864.13 3.88 155.77 

2016 3811.10 4557.51 19.59 746.41 3976.46 4.34 165.36 4057.42 6.46 246.32 

2017 3660.30 4925.75 34.57 1265.45 4191.89 14.52 531.59 4257.44 16.31 597.14 

Mean 16.11 535.79 10.71 350.97 10.41 335.53 

Si
nd

h 

2011 3.90 3.37 13.54 0.53 3.24 16.85 0.66 3.93 0.70 0.03 

2012 3.90 3.31 15.19 0.59 3.24 16.85 0.66 4.29 9.89 0.39 

2013 4.30 3.34 22.43 0.97 3.24 24.59 1.06 4.68 8.74 0.38 

2014 4.40 3.35 23.86 1.05 3.24 26.30 1.16 5.10 15.81 0.70 

2015 4.70 3.31 29.61 1.39 3.24 31.00 1.46 5.54 17.87 0.84 

2016 4.90 3.35 31.59 1.55 3.24 33.82 1.66 6.00 22.39 1.10 

2017 5.60 3.33 40.58 2.27 3.24 42.09 2.36 6.45 15.21 0.85 

Mean 25.26 1.19 27.36 1.29 12.94 0.61 

K
P

K
 

2011 118.20 113.70 3.81 4.50 114.82 2.86 3.38 116.57 1.38 1.64 

2012 120.60 113.70 5.72 6.90 114.82 4.79 5.78 114.69 4.90 5.91 

2013 109.40 113.70 3.93 4.30 114.82 4.95 5.42 113.50 3.75 4.10 

2014 105.60 113.70 7.67 8.10 114.82 8.73 9.22 114.55 8.47 8.95 

2015 105.60 113.70 7.67 8.10 114.82 8.73 9.22 118.15 11.88 12.55 

2016 116.40 113.70 2.32 2.70 114.82 1.36 1.58 116.02 0.32 0.38 

2017 143.40 113.70 20.71 29.70 114.82 19.93 28.58 119.35 16.78 24.06 

Mean 7.40 9.19 7.34 9.03 6.78 8.22 

B
al

uc
hi

st
an

 

2011 29.70 33.85 13.96 4.15 33.85 13.98 4.15 34.35 15.65 4.65 

2012 32.70 33.85 3.50 1.15 33.85 3.52 1.15 31.94 2.34 0.77 

2013 33.10 33.85 2.25 0.75 33.85 2.27 0.75 30.91 6.63 2.19 

2014 30.50 33.85 10.97 3.35 33.85 10.99 3.35 26.93 11.72 3.57 

2015 29.90 33.85 13.19 3.95 33.85 13.22 3.95 29.42 1.61 0.48 

2016 3.00 33.85 1028.17 30.85 33.85 1028.38 30.85 29.51 883.61 26.51 

2017 22.40 33.85 51.09 11.45 33.85 51.12 11.45 29.40 31.23 7.00 

Mean 160.45 7.95 160.50 7.95 136.11 6.45 

P
ak

is
ta

n 

2011 3491.70 3192.51 8.57 299.19 3106.24 11.04 385.46 3309.62 5.22 182.09 

2012 3392.50 3415.29 0.67 22.79 3278.15 3.37 114.35 3628.49 6.96 235.99 

2013 3785.90 3653.62 3.49 132.28 3455.03 8.74 330.87 3844.63 1.55 58.73 

2014 2883.80 3908.58 35.54 1024.78 3636.89 26.12 753.09 3934.58 36.44 1050.78 

2015 4160.10 4181.33 0.51 21.23 3823.74 8.09 336.36 4167.33 0.17 7.23 

2016 3935.40 4473.12 13.66 537.72 4015.56 2.04 80.16 4065.22 3.30 129.82 

2017 3831.70 4785.26 24.89 953.56 4212.37 9.94 380.67 3717.32 2.99 114.38 

Mean 12.48 427.36 9.90 340.14 8.09 254.15 
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CONCLUSION 

Improvement in Forecasting can help 

policymakers to makes better decision for 

future. Forecasting of time series variable 

has significant importance in literature. In 

this work is an application of a Bayesian 

nonparametric model known as GP. There 

is limited literature available which utilize 

these models in real life predications and 

forecasting. Especially in Pakistan where 

there is a lack of literature related to this 

field. So, we intended to model the data of 

potato production of Pakistan and 

individually its provinces to check the 

performance of this model. Our results 

show that the RMSE and MAPE of GP 

model are found to be lowest as compare to 

other models. The performance of GP 

model is more efficient in each case as 

compared to other methods. This work is a 

piece of attraction for other reaches to 

explore the application and versatility of 

this model in real-life where a simple 

model is unable to perform well. 
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